Abstract. For a finite group G and a non-linear irreducible complex character w of G write uðwÞ ¼ fg A G j wðgÞ ¼ 0g. There are two dual questions as follows: what are the finite groups G such that uðwÞ is a conjugacy class for all but one of the non-linear irreducible characters w of G, and what are the finite groups G whose character table has the property that all but one of the columns have at most one zero entry. We completely answer the two questions using the classification of finite simple groups.
Introduction
Let G be a finite group and uðwÞ :¼ fg A G j wðgÞ ¼ 0g, where w is an irreducible complex character of G. Clearly uðwÞ is a union of conjugacy classes of G. A classical theorem of Burnside asserts that uðwÞ is non-empty for all w A Irr 1 ðGÞ, where Irr 1 ðGÞ denotes the set of non-linear irreducible complex characters of G. It makes sense to consider the structure of a finite group whose character table contains a small number of zeros (see [1] , [2] and [14] for some examples).
Berkovich and Kazarin in [1] posed the following problem: classify the finite groups G with the following property: ( * ) uðwÞ is a conjugacy class for all but one of the non-linear irreducible characters w of G.
Dually, we pose the following problem: classify the finite groups G with the following property:
( ** ) all but one of the columns of the character table of G have at most one zero entry.
The main result of this paper is as follows.
Theorem. Let G be a finite non-abelian group. Then properties ( * ) and ( ** ) are equivalent, and G has these properties if and only if one of the following holds:
(1) G is a 2-transitive Frobenius group with kernel G 0 or an extra-special 2-group;
(2) G is a Frobenius group with kernel G 0 of order greater than 3 and complement of order 2; (3) G G SLð2; 3Þ; (4) G G S 4 ; (5) G G A 5 .
Our proof uses the classification of the finite simple groups. In this paper, G always denotes a finite group. Notation is standard and follows [9] . In particular, denote by cdðGÞ the set of irreducible character degrees of G, pðGÞ the set of all prime divisors of jGj, and k G ðNÞ the number of conjugacy classes of G contained in N, where N is a normal subset of G. For N p G, set IrrðGjNÞ ¼ IrrðGÞ À IrrðG=NÞ.
Preliminary results
We shall freely use the following facts. Let N p G and write G ¼ G=N.
(1) For any x A G, x G (when viewed as a subset of G, that is, the set 6 g A G x g N) is a union of conjugacy classes of G; furthermore, k G ðx G Þ ¼ 1 if and only if wðxÞ ¼ 0 for all w A IrrðGjNÞ.
(2) If G has the property ( * ), then so has G=N. We also use the following facts. Suppose that G is a simple group of Lie type. Then, by [19, Corollary] , for each prime factor p of jGj there exists some w A Irr 1 ðGÞ such that w is of p-defect zero. For such w, we have fx A G j p j oðxÞg J uðwÞ (see [9, Theorem 8.17] ), and thus k G ðfx A G j p j oðxÞgÞ c k G ðuðwÞÞ. Lemma 2.1. Let G be a simple group of Lie type except for L 2 ðqÞ where q d 4. Then there exist w 2 ; w t A Irr 1 ðGÞ such that w 2 is of 2-defect zero and w t is of t-defect zero, and w 2 ð1Þ 0 w t ð1Þ, where t is an odd prime; furthermore each of w 2 , w t vanishes on elements of at least two distinct orders.
Proof. Let w 2 A Irr 1 ðGÞ be of 2-defect zero.
First suppose that G has no element of order 2r, with r an odd prime. Then C G ðtÞ is a 2-group for each involution t. It follows from the hypothesis and [17, III, Theorem 5] that either G G L 3 ð4Þ or G G Szð2 2nþ1 Þ where n d 1. The group L 3 ð4Þ satisfies the conclusion from [5] , and so we may assume that G G Szð2 2nþ1 Þ where n d 1. In this case, G has cyclic Hall subgroups H 1 , H 2 with
If both 2 2nþ1 À 2 nþ1 þ 1 and 2 2nþ1 þ 2 nþ1 þ 1 are prime, then we must have G G Szð8Þ, and Szð8Þ satisfies the conclusion from [5] . Suppose that 2 2nþ1 À 2 nþ1 þ 1 (resp. 2 2nþ1 þ 2 nþ1 þ 1) is not prime. Let w 0 be the Steinberg character of G. Clearly w 0 is of 2-defect zero and w 0 vanishes on elements of at least two distinct orders. Let t be a prime divisor of 2 2nþ1 À 2 nþ1 þ 1 (resp. 2 2nþ1 þ 2 nþ1 þ 1) and let w 1 A Irr 1 ðGÞ be of t-defect zero. Since the group H 1 (resp. H 2 ) is cyclic of order 2 2nþ1 À 2 nþ1 þ 1 (resp. 2 2nþ1 þ 2 nþ1 þ 1), by our non-primeness hypothesis w t vanishes on elements of at least two distinct orders. Clearly w 2 ð1Þ 0 w t ð1Þ and we are done.
Hence we may assume that G has an element of order 2r with r an odd prime, and so has non-conjugate elements a, b, c of orders 2, r, 2r, respectively. Let w r A Irr 1 ðGÞ be of r-defect zero. Clearly w 2 vanishes on a, c, and w r vanishes on b, c.
Let w 0 be the Steinberg character of G. [20] the size of the connected component containing p is at least 2. Arguing as in Case 1, we conclude that the result is true. r
In the following proposition the method of proof when G G A n ðn d 5Þ already appears in [14] . For the reader's convenience, we include this proof. Proof. Let G G A n for some n d 8. Let p be the permutation character of G, and d be the mapping of G into Z such that dðgÞ is the number of 2-cycles in the standard decomposition of g. Set
By [7, V, Theorem 20.6] , both l and r are irreducible characters of G.
For odd n, set a 1 ¼ ð1; . . . ; nÞ; a 2 ¼ ð1; . . . ; n À 3Þðn À 2; n À 1Þ;
For even n, set a 1 ¼ ð1; . . . ; n À 1Þ; a 2 ¼ ð1; . . . ; n À 2Þðn À 1; nÞ;
We see that
Since a 1 , a 2 (and b 1 , b 2 ) lie in distinct conjugacy classes of G, we obtain a contradiction. Hence G G A n for some n c 7, and thus G G A 5 from [5] . If G is a sporadic simple group, then by [5] we obtain a contradiction. By the classification of the finite simple groups we can now suppose that G is a simple group of Lie type, and applying Lemma 2.1, we may assume that G G L 2 ðqÞ where q d 4.
Suppose that q is odd. We may assume that q 1 1 ðmod 4Þ, and write q ¼ 4r þ 1. Then G has a cyclic subgroup C of order 2r. If r d 2, then C contains elements a, b of orders 2, 2r, respectively. Clearly a, b lie in distinct conjugacy classes of G. Furthermore, every irreducible character of G of degree q À 1 vanishes on a, b. It follows from the hypothesis and [8, XI, Theorem 5.6] that q < 9. Note that L 2 ð5Þ G A 5 . Hence we conclude from [5] 
f þ 1Þ and G has two cyclic subgroups of orders 2 f þ 1 and 2 f À 1 (see [7, II, Theorem 8 .27]). If both 2 f À 1 and 2 f þ 1 are prime, then we easily conclude that f ¼ 2 and thus
On the other hand, since 2 f þ 1 is non-prime, we have 2 f À1 À 1 d 2. This contradiction completes the proof. r
Lemma 2.3 ([4, Corollary 2.4]).
Let G be a non-abelian group such that G 0 G 0 . Let w be a non-linear irreducible character of G that vanishes on exactly one conjugacy class of G. Then one of the following holds.
(1) G is a Frobenius group with kernel G 0 and complement of order 2. In particular, G 00 ¼ f1g.
Lemma 2.4 ([14, Lemma 2.3])
. Let G be a non-abelian simple group. Then there exists w A Irr 1 ðGÞ such that w is of p-defect zero for some prime divisor p of jGj. Lemma 2.6. Let G be a solvable group such that G 00 0 1. If G has exactly one nonlinear irreducible character j such that j G 0 is not irreducible, then one of the following holds.
(1) G G SLð2; 3Þ.
(2) G=G 00 is a 2-transitive Frobenius group of order pðp À 1Þ with kernel G 0 =G 00 and G 0 is a Frobenius group with kernel G 00 ; moreover G 00 is a 2-group. In particular, 
Lemma 2.8. The following statements hold.
(1) Let N p G. If G À N is a conjugacy class of G, then N ¼ G 0 and G is a Frobenius group with kernel G 0 and a complement of order 2.
(2) If G is a Frobenius group with kernel G 0 and a complement of order 2, then uðwÞ is a conjugacy class of G for all w A Irr 1 ðGÞ.
The proof of Lemma 2.8 is easy and is omitted.
Lemma 2.9 ([11, Theorem 5.1]). Let G be a finite simple group of Lie type. Then G has four conjugacy classes of elements of prime order such that every non-trivial irreducible character of G vanishes on at least one of them.
Remark. Lemma 2.9 implies that if G is a finite simple group of Lie type with jIrr 1 ðGÞj d 5, then G contains an element g of prime order such that the column corresponding to the conjugacy class g G in the character table of G has at least two zero entries.
Lemma 2.10. Let G be a finite group, and let r be an odd prime in pðGÞ. Suppose that G has no elements of orders 8, 2p or rq, where p and q are odd primes and r 0 q. If G has just one conjugacy class of r-elements, then r ¼ 5 or 3.
Proof. Let R be a Sylow r-subgroup of G. Write N G ðRÞ ¼ RB, where B is a r-complement of N G ðRÞ. Since G has just one conjugacy class of r-elements, we may conclude that B 0 f1g and that all elements in ZðRÞ À f1g are B-conjugate (see [9, Lemma 12.30] 
Then hðaÞ ¼ lðaÞ ¼ 0 ¼ hðbÞ ¼ rðbÞ and since a, b lie in distinct conjugacy classes of G we obtain a contradiction. For even n, set a ¼ ð1; . . . ; n À 1Þ; b ¼ ð1; . . . ; n À 8Þðn À 7; n À 6; n À 5; n À 4Þðn À 3; n À 2; n À 1Þ;
Then hðaÞ ¼ lðaÞ ¼ 0 ¼ hðbÞ ¼ lðbÞ and we have another contradiction. If G G A n for some n < 14 then G G A 5 from [5] , and if G is a sporadic simple group then we obtain a contradiction from [5] . By the classification of finite simple groups, we may therefore suppose that G is a simple group of Lie type.
Suppose that G has no element of order 2r, with r an odd prime. Then C G ðtÞ is a 2-group for each involution t. It follows by [17 and so ðjGj=w 1 ð1Þ; ð2 2nþ1 À 1ÞÞ ¼ 1, implying that both w 1 and w 2 are of p-defect zero for each prime divisor p of 2 2nþ1 À 1. Hence the hypothesis yields that 2 2nþ1 À 1 is prime. It follows by Lemma 2.10 that the elements of order 2 2nþ1 À 1 in G form at least two conjugacy classes of G, and thus we obtain a contradiction.
Hence we may assume that G contains an element g of order 2r, where r is an odd prime. Let w r A Irr 1 ðGÞ be of r-defect zero. Clearly w r vanishes on g.
Let w 0 be the Steinberg character of G. and so w 0 is of p-defect zero. For p ¼ 2, we have that w 0 is of 2-defect zero. Clearly w 0 0 w r and w 0 vanishes on g, implying that the column corresponding to the conjugacy class g G in the character table of G has at least two zero entries. Then Lemma 2.9 shows that G does not satisfy the hypothesis.
For p d 3, from [20] we see that the size of the connected component containing p is at least 2, so that G has an element x of order ps, where s is a prime. Let w s A Irr 1 ðGÞ be of s-defect zero. Clearly w 0 and w s vanish on x. Note that w 0 0 w s , implying that the column corresponding to the conjugacy class x G in the character table of G has at least two zero entries. Hence by Lemma 2.9, we obtain a contradiction. Suppose that m Ã ðCÞ c 1 for all C A ConðGÞ. Then G is either a 2-transitive Frobenius group with kernel G 0 or an extra-special 2-group (see [22] ). Clearly G satisfies ( * ), and we are done.
We are left with the case where there exists some C 1 A ConðGÞ such that 
Proof of the Theorem
We only need to prove necessity in the Theorem. Assume first that G satisfies the property ( * ). If jIrr 1 ðGÞj ¼ 1 then either G is a 2-transitive Frobenius group with kernel G 0 or G is an extra-special 2-group (see [16] ), and thus G satisfies (1) 4] ), and thus G satisfies (2) of the Theorem.
We
Suppose first that G is a solvable group. It follows from the hypothesis and Lemma 2.3 that w G 0 is irreducible for any w A Irr 1 ðGÞ À fjg. Then we easily conclude that Irr 1 ðG=G 00 Þ ¼ fjg. Observe that j G 0 is not irreducible. Hence G satisfies the hypothesis of Lemma 2.6.
If G is the group in Lemma 2.6 (1) then G satisfies (3) of the Theorem. Suppose that G has the structure described in Lemma 2.6 (2). We claim that G G S 4 . It su‰ces to show that p ¼ 3. We may assume that G 00 is a minimal normal subgroup of G. Bearing in mind that w G 0 is irreducible for all w A Irr 1 ðGÞ À fjg, since G 0 is a Frobenius group with kernel G 00 and complement of order p, we easily conclude that cdðGÞ ¼ f1; p À 1; pg. It follows by Lemma 2.5 that p À 1 is a prime and thus p ¼ 3. Hence G G S 4 as claimed, and G satisfies (4) of the Theorem.
Suppose that G has the structure described in Lemma 2.6 (3). By considering the structure and irreducible characters of G 0 , we easily conclude that there exists w A Irr 1 ðGÞ À fjg such that uðw) consists of at least two conjugacy classes of G, contradicting the hypothesis. Now suppose that G is non-solvable. By Proposition 2.2, it su‰ces to show that G is a non-abelian simple group. Assume that G is a minimal counter-example.
We claim that G has a minimal normal subgroup N such that G=N is non-solvable. Assume that this is not the case; then G has a unique minimal normal subgroup N and G=N is solvable, and this implies that N c G 0 < G. Since N is non-solvable it is a direct product of isomorphic simple groups. In particular, G c AutðNÞ and G=N c OutðNÞ.
We first show that N ¼ G 0 . Assume otherwise. It follows from the hypothesis and Lemma 2.3 that w G 0 is irreducible for any w A Irr 1 ðGÞ À fjg. Furthermore, since G=N is a non-abelian solvable group, we have the following three cases. Case 1. Suppose that jIrr 1 ðG=NÞj ¼ 1.
Since jIrr 1 ðG=NÞj ¼ 1, either G=N is a 2-transitive Frobenius group with kernel G 0 =N or G=N is an extra-special 2-group (see [16] ). It is easy to see that G 0 =N is abelian and thus N ¼ G 00 . Case 3. Suppose that jIrr 1 ðG=NÞj d 2 and G=N has a non-linear irreducible character w such that uðwÞ consists of r 1 conjugacy classes of G=N with 1 < r 1 c r.
From the proof of the solvable case above we obtain that either G=N G SLð2; 3Þ or G=N G S 4 .
Subcase 3.1. Assume that G=N G SLð2; 3Þ.
Then G=N has exactly one conjugacy class of elements of order 4. We can choose a 2-element y of G such that ð yNÞ G=N is the conjugacy class of elements of order 4 in G=N. The hypothesis shows that ðyNÞ G=N is a conjugacy class of G, and thus wðyÞ ¼ 0 for any w A IrrðGjNÞ. By the second orthogonality relation we have jC G ð yÞj ¼ jC G=N ð yNÞj ¼ 4. Hence G has an element y with T ¼ C G ðyÞ of order 4. Clearly T J C G ðTÞ J C G ðyÞ ¼ T. Observe that OðGÞ ¼ 1, where OðGÞ is the largest normal subgroup of odd order in G. Note that G is non-solvable and G 0 < G; we use [21, Theorems 1, 2] (where OðGÞ is denoted by K), to conclude that G has a normal subgroup M with M G PSLð2; qÞ, G J AutðMÞ and jG : Mj ¼ 2. It is easy to see that this is impossible.
Then G=N has exactly one conjugacy class of elements of order 3. Choose a 3-element x such that ðxNÞ G=N is the conjugacy class of elements of order 3 in G=N. Observe that jC G ðxÞj ¼ jC G ðxNÞj ¼ 3. Note that G 0 G 0 . From the proof of [2, Lemma 2.3], either G is a Frobenius group with complement of order 2 or G is a semidirect product F z A where jAj c 2 and F is a Frobenius group with complement of order 3. But G is solvable, a contradiction. Therefore N ¼ G 0 . Now we show that G 0 is a non-abelian simple group. Otherwise, G 0 is a direct product N 1 Â Á Á Á Â N s of isomorphic simple groups N i , where s d 2. Let y i be of p-defect zero (Lemma 2.4), and set y ¼ Q 1 Â Á Á Á Â y s . Let w 0 be an irreducible constit-uent of yIf G satisfies ( * ), then G obviously satisfies ( ** ). Assume that G satisfies ( ** ). By Lemma 2.12, we may suppose that G is a perfect group.
To complete the proof, by Proposition 2.11 it su‰ces to show that G is a nonabelian simple group. Assume that G is a minimal counter-example and let N be a minimal normal subgroup of G. Clearly G=N is perfect, and so induction implies that G=N G A 5 . Choose a 3-element a of G such that ðaNÞ G=N is the conjugacy class of elements of order 3 in G=N. The hypothesis yields that ðaNÞ G=N is a conjugacy class of G, and thus wðaÞ ¼ 0 for each w A IrrðGjNÞ. By the second orthogonality relation we have jC G ðaÞj ¼ jC G=N ðaNÞj ¼ 3.
Hence G has an element a with C G ðaÞ of order 3. Applying [6, Theorem] and [12, Theorem] , we obtain that G ¼ NA, where A is isomorphic to A 5 G SLð2; 4Þ and N is a normal elementary abelian 2-subgroup of order 16; furthermore, N is isomorphic to the natural SLð2; 4Þ-module of dimension 2 over the field of order 4. Hence G has exactly two conjugacy classes of elements of order 5 (see [18, p. 310] ). Now G=N G A 5 has two conjugacy classes of elements of order 5, and w vanishes on at least two conjugacy classes of G for any w A IrrðGjNÞ, and thus G does not satisfies the hypothesis.
We conclude that G is a non-abelian simple group, and then Proposition 2.11 yields that G G A 5 . The proof is complete. r
